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A method of calculat ing effect ive m a s s e s  of mul t i row c lus t e r s  of e l a s t i c - cy l ind r i ca l  rods  is 
p resen ted .  The flow of liquid caused  by l a t e ra l  v ibra t ions  of the rods  is desc r ibed  approxi-  
mate ly  using a model  of cel ls .  

1. The Model of the Cells .  The work [1] is devoted to calculas of effect ive m a s s e s  of s ing le - row 
c lu s t e r s  of cy l indr ica l  rods .  As fa r  as calculat ion of effect ive m a s s e s  of mul t i row c lu s t e r s  is concerned,  
this  has been ve ry  l i t t le  studied up to now because  of the complexi ty  of taking into account the r e s t r i c t ion  
of the flow of liquid in the c lus te r .  

The p roposed  method is based  on replac ing  the mul t i row c lus t e r  of cyl indr ical  rods  (Fig. la )  by a 
combination of isola ted cel ls ,  one of which is shown in Fig. lbo The cell  cons is t s  of two coaxial  cy l inders ;  
the inner cyl inder  r e p r e s e n t s  a rod of the c lus te r ,  and the outer  cyl inder  s imula tes  the res t r i c t ion  of the 
flow which is caused  by l a t e ra l  v ibra t ions  of the inner  cyl inder .  

Let  each rod of the c lu s t e r  be surrounded by a liquid which fi l ls  a cer ta in  region (Fig. lc ) .  It is then 
poss ib le  to find f r o m  the condition of continuity of flow of liquid flowing through the cell  and through the 
above mentioned region a re la t ionship  between the radius  of the outer  cyl inder  b and the spacing h of the 
rods  in the c lus te r ,  and also the connection between the re la t ionship  between the radi i  of the cyl inders  
fo rming  the ce l l s  and the densi ty of the c lus t e r  

b -~ ~t-'/2h, a / b  = 1/2n'/2q (q = 2 a / h )  (1.i) 

where a is the outer  r ad ius  of the rod  of the c lus te r ,  and q is the density of the c lus te r .  

Hence, de te rmina t ion  of the effect ive m a s s  of a rod located in the c lu s t e r  is reduced  to calculat ion of 
the effect ive m a s s  of this rod loca ted  inside a cyl inder  with a radius  b. 

The p rob lem is solved by the hypothesis  that the rods  of the c lus te r  have a finite length and a r b i t r a r y  
suppor ts  at the ends, and they c a r r y  out smal l  e las t ic  v ibra t ions .  

The liquid which flows round the rod is cons idered  as ideal and compres s ib l e ,  but i ts  flow is consid-  

e red  as i r ro ta t iona l .  

The flow of liquid in the cel l  is desc r ibed  by the wave equation 

~ ~_ t acp I 02~ a2(p i a ~ =  0 (1.2) 
Or ~ T'g' /- f-  ~ - ~ - }  az~ c at~ 
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with the following boundary condit ions:  

a 

b c 
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Fig~ I 
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Or l~=~ = -~ cos O, ~ ~=b = 0 

09 
~-1.=o = 0 ,  ~-z z=, = 0  

(i.3) 

Here  go is the veloci ty  potential ,  l is the length of the rod,  and x is 
the d i sp lacement  of the rod  which is equal to 

z ----- ~ q ~ ( t ) f ~ ( z ) ,  q~ = Cico.sp~~ ~- C2sinp~~ (1,4) 

In these expressionS/n is the form of the n-th mode of the vibrations 
of the rod in the liquid, which has been taken to be equal to the mode of the 

vibrations in a vacuum; qn is the main coordinate; C I and C 2 are the 
arbitrary constants determined by the initial conditions of the problem; 

pn ~ is the frequency of the n-th mode of the free vibrations of the rod in 
the liquid~ 

The veloci ty  potential  is de te rmined  in the following fo rm:  

oo oo 

The function Fs(r) must satisfy the first two boundary conditions (1.3), and the function Ns(z) must 
satisfy the remaining boundary conditions. The two Latter conditions are satisfied if we assume 

N ~  (z) = c o s  (usz I l) ( 1 . 6 )  

By subst i tut ing the express ion  (lo5) into the or iginal  Eqs. (1o2), taking (1.6) into account,  we have 

(i.7) 

The solution of this equation will be  

(i.8) 

Here  A and B a re  a r b i t r a r y  cons tan ts ;  I 1 and K 1 a re  modif ied Besse l  functions.  

After  calculat ion of the a r b i t r a r y  constants  [using the f i r s t  two conditions c~(1.3)],  the f o r m u l a  for  
the veloci ty  potential  a s s u m e s  the f o r m  

-- cos 0 K1 (~r) - - / - 7 ( ~  i i  t~r)] 
q~ K~" (ab)~ , ,] 

(1.9) 

0 

The kinet ic  energy of the liquid which fi l ls  the doubly connected region is equal to 

8, 

Here  S 1 is the su r face  of the rod,  and p~ is the density of the liquid. 

A s i m i l a r  in tegra l  ove r  the su r face  of the outer  cyl inder  of the cell  in the s a m e  fo rmu la  d i sappea r s  
due to the second condition (1.3). 

After substi tut ion of the value of the veloci ty  potential  into this fo rmula  and integrat ion,  which is 
c a r r i e d  out ove r  the su r face  of the rod,  the kinetic energy of the liquid is de te rmined  

= " - -  / ~ ( z )  c o s  T d z  
n ~ l  s ~ l  0 
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In this  equation 

K i  (BI) -}- I1 (~l) ~ ( ~ )  

P~ = [ 7  t - -7- )  a, ~ = - -  ~ (~)  = ~ : ~ 
(1.12) 

For  kinet ic  energy  of the liquid we have [2] 

T = t/~ ~ M, Oqn'~ (1.13) 

H e r e  Mn~ is the reduced  effect ive m a s s  of the rod  which is  l oca -  
ted in the c e l l ;  this  connected m a s s  c o r r e s p o n d s  with the n - th  mode 
of vibrat ion ; qn is  the veloci ty  of the reduced point of the rod  when it 
v i b r a t e s  in the n - th  mode.  

If we c o m p a r e  the r ight -hand pa r t  of Eqs. (1.11) and (1.13), we 
have  

m0 " ~s~ 

0 

2. Exper imenta l  Basis  of the Model of the Ceils.  When a c lus -  
t e r  is  r ep laced  by a combinat ion of i so la ted  cel ls  in a calculat ion of 
effect ive m a s s e s ,  a ce r ta in  e r r o r  is introduced.  F i r s t ly ,  in the case  
of a substi tut ion of this kind the a r r a n g e m e n t  of the rods  in the c tus -  
t e r  (s t raight ,  s taggered ,  etc.)  is not taken into account.  Secondly, the 
actual c l u s t e r s  cons i s t  of a finite n u m b e r  of rods ,  and t h e r e f o r e  the 
flow round the cen t ra l  and pe r iphe ra l  rods  is different .  

The  influence of the above-ment ioned  f ac to r s  on the connected 
m a s s  of c l u s t e r s  was analyzed using exper imen ta l  data  obtained on an 
expe r imen ta l  appara tus ;  a d i ag ram is given in Fig. 2. 

A c lu s t e r  of tubes  1 was used as the model  of the cluster~ The space  between the tubes  was fil led 
with water .  

The  v ibra t ions  of the tubes were  exci ted by a m o m e n t a r y  pulse  which was genera ted  by the impac t  of 
the plate  of the impac t  machine ,  on which the model  is fixed, agains t  the shock a b s o r b e r .  

Recording of the v ibra t iona l  p r o c e s s  is c a r r i e d  out by a s t ra in-gauge  c i rcu i t  which cons i s t s  of a 
s t r a in  gauge 2 and a c o n v e r t e r  3. 

The  boundary of the a r e a  of f r ee  v ibra t ions  of the tubes was es tab l i shed  f r o m  the record ings  of  the 
acce l e r a t i ons  of the i r  support  sec t ions;  these  were  c a r r i e d  out by the m e a s u r i n g  unit which con- 
s i s t ed  of acce le ra t ion  t r a n s d u c e r s  4, a cathode fol lower 5, and an ampl i f i e r  6. The p r o c e s s e s  were  r e c o r d -  
ed by a loop osc i l lograph  7~ 

The coeff icients  of the effect ive m a s s e s  were  ca lcula ted  according to the fo rmu la  

~__ M [ ~ V _  ~] 
7 -~ Mo ~ Mo L~p ~ (2ol) 

H e r e  M* is  the effect ive m a s s  of the tubes ;  M is the m a s s  of the tubes ;  M 0 is the m a s s  of water  en-  
c losed by the tubes ; p, p~ a r e  the f requencies  of the f r ee  v ibra t ions  of the tubes in a i r  and water ,  d e t e r -  
mined according  to the o s c i l l o g r a m s  of the s t r e s s e s .  

The t e s t s  were  c a r r i e d  out at c lu s t e r  densi t ies  of 0.61, 0.70, 0.78, and 0~ 

in o r d e r  to evaluate  the influence of the f o r m  of layout of the rods  in the c l u s t e r s  on the magnitude of 
the effect ive  m a s s e s ,  c l u s t e r s  with s t agge red  and s t r a igh t  a r r a n g e m e n t  of the tubes  were  tes ted .  The  t e s t s  
showed that  the f o r m  a r r a n g e m e n t  does not have a subs tant ia l  influence on the effect ive m a s s  in the case  of 
the s a m e  dens i t ies  of the c lu s t e r s  (Fig. 3, cu rve  1 shows a s t ra ight  a r r a n g e m e n t  of the tubes;  cu rve  2 
shows a s t agge red  a r r a n g e m e n t  of the tubes).  
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By determining the coefficients 7 for tubes located in different parts of the cluster, the problem of 
the difference in the magnitudes of the effective masses of the central and peripheral tubes is explained~ 
The test results showed that this difference for the same cluster did not exceed i 0-i 5 ~. 

This means that for a multirow cluster containing k rods the effective mass can be determined as 
the effective mass of one rod, which is multiplied k times. 

3o Analysis of the Results Obtained. It is found from (io14) that the effective mass of the rod, which 
is located in the cell, depends on the dimensionless magnitude Pn~ which characterizes the compres- 
sibility of the liquid~ Analysis shows that the reduction of the effective mass by the compressibilit~ of the 
liquid only becomes noticeable in the case of high-frequency vibrations (Pn~ > 2)~ In practical calcula- 
tions, therefore, the liquid can be considered as incompressible, ioeo, in the ratio (1o12) it is assumed that 

Taking the above into account, the expression for determining the effective mass of the clusters of 
rods has the form 

oo l 

s=l 0 

where the coefficient ~sn is calculated according to Eq. (io12) for the values 

~1 = z~sa / / ,  ~ ----- 2~-1/~ ~l / q (3~ 

The  s e r i e s  in Eqo (3.1} conve rges  rapidly .  In many  c a s e s  the f i r s t  two or  t h r ee  t e r m s  of the s e r i e s  
give an accu racy  which is suff icient  for  p rac t ica l  pu rposes .  

It  is seen  f r o m  Eqo (3.2) that  the effect ive  m a s s  of the c lu s t e r  depends on the r e l a t ive  length of the 
rods  l /a  and the density q. 

F o r  re la t ive ly  shor t  rods  ( l /a  < 5) the axial  component  of the movemen t  of the pa r t i c l e s  of the liquid 
has  a cons ide rab le  magni tude.  With i n c r e a s e  in the r e l a t ive  length, however ,  the  pa r t  p layed by this c o m -  
ponent d e c r e a s e s ,  and when 1/a >_ 30 it  is poss ib le  to take into account only the rad ia l  component  of the 
m ovemen t  of the pa r t i c l e s  of the liquid, that  is ,  the flow is cons idered  to be plane. 

With r e g a r d  to the densi ty  of the c lus t e r ,  as this i n c r e a s e s  the effect ive m a s s  i n c r e a s e s ,  which is 
seen f r o m  the g raph  of the re la t ionsh ip  7(q), which is given in Fig~ 3 {curve 3) and cons t ruc ted  for  the 
ca se  t / a  = 30~ 

When this graph is com pa red  with curves  1 and 2, which a r e  plotted according to expe r imen ta l  data, 
it is seen  that  the ca lcula ted  data  c o r r e s p o n d  suff icient ly well with the r e su l t s  of the tes ts~ This  means  
that  i t  is  poss ib le  to use  the model  which we have examined for  approx imate  ca lcula t ions  of effect ive  
m a s s e s  of mul t i row c l u s t e r s  of rods .  
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